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We consider a finite sequence of random points in a finite domain of finite-dimensional
Euclidean space. The points are sequentially allocated in the domain according to the
model of cooperative sequential adsorption. The main peculiarity of the model is that
the probability distribution of any point depends on previously allocated points. We
assume that the dependence vanishes as the concentration of points tends to infinity.
Under this assumption the law of large numbers, Poisson approximation and the central
limit theorem are proved for the generated sequence of random point measures.

KEY WORDS: cooperative sequential adsorption with infinite range cooperative ef-
fects, the law of large numbers, Poisson approximation, the central limit theorem,
Gaussian random field

1. INTRODUCTION AND THE RESULTS

In this paper we study the asymptotic behavior of random point measures

/Lm:Z(SXn (1)

i=1

generated by random points X7, ..., X,, sequentially allocated in a compact set
D c RY. To describe the joint distribution of X7, ..., X,, we need some notation.
For any point x € D and a finite non-empty sety = {y1, ..., ¥a}, i € D,n > 1,

we denote by n(x, y) the number of points y; € y, such that the distance between x
and y; is not greater than R(x), where R : D — R, is some measurable function.
By definition n(x, #) = 0. The number R(x) is called the interaction radius at point
x. Let {8,(x), n > 0} be a sequence of measurable positive bounded functions on
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D. Denote for short X(k) = (X1, ..., Xx), £ > 1, and X(0) = . Given the set of
points X (k) the conditional distribution of point X is specified by the following
probability density

B, x(e)(X)

V(x| X(k) = ; (2)
a(X(k))
where
() = [ P
D
is the normalizing constant. The joint probability density of X1, ..., X}, at points
X1y ooy Xy 1S
= ﬂn(xk X k)(xk) i
DXt X)) = | | m———————— = | | ¥k | x2h), 3)
" " IE fD ﬂn(x,x<k)(x)dx ,!:[1
where we denoted for short x_; = (x,...,x5-1), k> 2,andx.; =@ fork = 1.

Let us give examples of the situations where this set of sequentially allocated
random points naturally appears. First we do it in terms of continuous time dy-
namic processes describing adsorption reactions with cooperative effects. Namely,
consider a spatial birth process x(¢), ¢+ > 0, in D with birth rates defined in terms
of functions B,(x), n > 0, as follows. If the process state at time ¢ > 0 is x, then
the birth rates are B, x)(x), x € D, so the total birth rate is «(x) and the time
until the next jump is an exponential random variable with mean o ~!(x). Assume
that x(0) = ¥ and consider a random point process X(m) = (Xy, k=1,...,m)
formed by the first m points of the spatial birth process x(z). It is easy to see that
the first point X has the probability distribution specified by the function Sy(x)
normalized to be a probability density. Given X, ..., X, k > 1, the conditional
distribution of X, is specified by the probability density (2). The spatial birth
process just described is a continuous version of a lattice model of monomer filling
with nearest-neighbor cooperative effects. It is a particular case of the models of
cooperative sequential adsorption widely used in physics and chemistry for mod-
eling various adsorption processes (see Refs. 2 and 5 for more details and surveys
of the relevant literature).

The set of random points X(m) can be also viewed as the output of the
following sequential packing process. Consider random points Y;, i > 1, sequen-
tially arriving in D. Each point Y; is uniformly distributed in D and is accepted
with probability depending on the number of previously accepted points in the lo-
cal configuration near Y;. More precisely, let Y(N) = (Y1, ..., Yy) be a set of the
first N arrived points and let X(k) = (X, ..., X}), k = k(N), be a set of accepted
ones among Y;,i = 1, ..., N. Next uniformly distributed arrival Yy, is accepted
with probability By, x@#)(Yn+1)/C, where C is an arbitrary constant such that
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sup, sup,cp Br(x) < C. Regardless of the particular choice of C the probability
density of the next accepted point X, is given by the formula (2). The value of
C influences only the number of discarded arrivals until next acceptance. In other
words, given the set of previously accepted points X(k), we use a well known
acceptance-rejection sampling for simulating a random variable which distribu-
tion is specified by the unnormalized probability density B, x)(x), x € D. The
sequence of points X(m) is a set of first m sequentially accepted points.

The measures (1) belong to the class of random point measures generated
by the spatial processes arising in random sequential packing and deposition
problems (see Refs. 1, 6 and references therein). The typical example is when
one sequentially allocates m points in the unit cube. Each point is uniformly
distributed in the cube and is accepted with probability depending on configuration
of previously accepted points in a ball of volume 1/m centered at the point. It
means that the interaction radius decays and a point typically has a finite number of
neighbors in the limit m — oo. This regime corresponds to finite range interaction
between points. It is not the case in our model where the interaction radius is a
fixed positive function (or constant) regardless of the number of points. In our case
the radius is comparable to the volume size (it implies that a typical number of
neighbors is linear in m). In some sense this corresponds to the so-called infinite
range of interaction or infinite range cooperative effects, see, for instance, Ref. 2.

Our other main assumption is that 8,(x) — B(x) > 0 as n — oo uniformly
inx € D, where function g is bounded below and above. Under our assumptions
the sequence of random variables X, k£ > 1, converges in total variation to a
random variable with the probability density specified by function B(x), x € D,
appropriately normalized. Therefore the model can be considered as a perturbation
of the binomial case which is 8,(x) = B(x), x € D for any n > 0. The perturba-
tion vanishes while the domain is saturated by points. The distribution of a new
arrival becomes “more uniform” and “more independent” on the existing config-
uration of points provided the domain is sufficiently saturated and the saturation
is “sufficiently uniform.” We make it rigorous in Lemma 1.1. In the binomial case
we immediately get Theorems 1.1, 1.2 and 1.3, since the points are independent.
In general case the points are dependent and we arrive at the proof of the law
of large numbers, the central limit theorem and Poisson approximation for the
sequence of dependent random variables. Some care should be taken to assess the
weakening of dependence in the tail of the sequence X(m). Note that we obtain
the central limit theorem (Theorem 1.3) assuming that the sequence of functions
{B.(x), n > 0} converges to its limit with some rate.

These limit theorems can be used for understanding the qualitative behavior
of high density point patterns obtained by an idealized adsorption process specified
by two conditions. The first one is that the interaction radius is sufficiently large.
This is modeled by assuming that the radius does not decrease as the number
of points increases. The second one is that a point is allowed to have unlimited
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number of neighbors. This is provided by soft-core type of interaction, i.e., the
reaction rates are positive regardless of configuration (positiveness of functions
B’s). Besides, the reaction rates depend on local environment and stabilize when
the concentration of adsorbed molecules is sufficiently high.

Remark 1. We will denote by the letter C or by the letter C with subscripts the
various constants the particular values of which are immaterial for the proofs.
By B(D) the set of real-valued measurable bounded functions on D is denoted
and || fllec = sup,ep | f(x)| for f € B(D). It is assumed that the random variables
Xy, k > 1, are realized on some probability space with probability measure P and
E is expectation with respect to P.

Theorem 1.1. Assume that inf cp R(x) > 0, the sequence of positive functions
B, € B(D), n > 0, is uniformly bounded and converges uniformly as n — oo to
a function B € B(D), such that inf,cp B(x) > 0. Then the law of large numbers
holds for the sequence of random measures Ly, That is for any function f € B(D)

1 1 ¢ 1
[ Tt =0 3506~ s = [ reopeas
D = D

in probability as m — oo, where o = fD B(x)dx.

Theorem 1.2. [n addition to the assumptions of Theorem 1.1 assume that the
function B is continuous. Fix an arbitrary x € D and r > 0. Let S,(x,r) be a
number of those points Xy, k =1, ..., m, that fall in a ball B(x, rm’l/d). Then
a sequence of random variables S,,(x,r), m > 1, converges in distribution to a
Poisson random variable with parameter r®b,B(x)/a, where by is a volume of a
d—dimensional ball with unit radius.

Theorem 1.3. In addition to the assumptions of Theorem 1.1 assume that

1Bu(x) = B(x)| = T(x)p(n), “)

Jorany n > 0, where a function ¢(s) > 0, s > 0, is such that (s) — 0ass — 0o
and for any § > 0

1 n
7 > o(ks) — 0. Q)
k=0

asn — 00, the function t € B(D) is such that inf,cp t(x) > 0. Then the sequence
centered and rescaled random measures (tm — Eptm)//m converges as m — oo
to a generalized Gaussian random field on D with zero mean and the covariance
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kernel

G(f:9) = J(f®) ~ J(N(e)
1 1
= [ rwewperdx - — [ repmar [ewpwa
D D

D

for any functions f, g € B(D). Here the convergence refers to the convergence of
the corresponding sequence of finite-dimensional distributions.
To prove these theorems we will use Lemmas 1.1-1.4.

Lemma 1.1. Assume that inf,cp R(x) > 0 and

0 < Bmin = Inf inf B,(x) < Bmax = sup sup B,(x) < oo,
n xebD n xeD

then there exists a positive constant 8y such that for any & € (0, 8y)
P{ inf n(x, X(m)) < ms} < Ce™*", (6)
xeD

with some positive constants C = C(8) and A = A(8) for all sufficiently large m.
If the assumptions of Theorem 1.1 hold, then for any ¢ > 0

P{ sup | Bue.xmy(X) — B(x)| = e} < Ce ™", (7

and
P{la(X(m)) — a| = e} < Ce ™" 3

with the same positive constants C and A for all sufficiently large m.

Corollary 1.1. If the assumptions of Theorem 1.1 hold, then the sequence
X, m > 1, converges in total variation to a random variable X distributed
according to the density B(x)/o, as m — o0.

Let F;_, be a o —algebra generated by the random variables X7, ..., X;_;.
For any function f € B(D) denote

Ji(f) = E(f(X0) | Fiz1).

Lemma 1.2.
1) If the assumptions of Theorem 1.1 hold, then for any function f € B(D)
and for any p > 1
ElJ(/) = J(NIP = 0

as k — oo.
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2) If the assumptions of Theorem 1.3 hold and & is the constant determined
in Lemma 1.1, then for any 6 € (0, &)

ElJi(f) = J(N)IP < ClpP (k) + )

as k — oo, with some constant A = A(9).

Let Y be arandom variable with probability density S(x)/«. For any function
f € B(D)and n > 1 denote

U(f) =E(f(N)—EfX)" =) (-1 <:l) JHI"), ©
i=0

and §(f) = f(Xi) — Ef(Xp).

Corollary 1.2. Let f € B(D) and fix some positive integer n. Then
1) under assumptions of Theorem 1.1

E|E (& (NIFim1) —Un(f)] = 0

as k — oo, and
2) under assumptions of Theorem 1.3

E }E (glﬁ(f)|~7:k—1) —Z/{n(f)| < Cxs(p(ks) + e )

as k — oo.

Lemma 1.3. Fix a set of functions gy, ..., gr € B(D) and a set of positive
integers ry,...,ry and let n =ry 4 --- 4+ ry. Let a set of indices be such that
i| < -+ < iy and denote by n a random variable measurable with respect to the

o—algebra F;,_,.
1) If the assumptions of Theorem 1.1 hold, then

k k
E (n ]_[Sff(gu)) —En (]_[ Urk(gv)>
v=1

v=1

-0

as iy — oo. In particular, for any f, g € B(D) and k # j
Cov(f(Xy), g(X;)) — 0,

as max(k, j) — oo.

2) If the assumptions of Theorem 1.3 hold, then there exist constants C =
C(k, g1, ...,gx) such that for any 6 € (0, &o)
k

<C" Y (p@d) +e). (10

v=1

k k
En] &%) — En] [U.(20)

v=1 v=1
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for all sufficiently large indices iy < --- < iy, k > 1, where the constants ) and
8o are determined in Lemma 1.1.

Lemma 1.4. Under the assumptions of Theorem 1.3 the sequence of random
variables

1 m
— ) (h()—-Ef(X
ﬁ;( K() = Ef(X0)

converges to 0 in probability as m — oo.

2. PROOFS
Proof of Theorem 1.1.  Let us prove first that for any function f € B(D)

L Em Ef(Xx) = J(/), (11
m
k=1

as m — oo. Indeed, By Lemma 1.2 we have that E f(X;) — J(f), as k — oo.
Fix an arbitrary ¢ > 0 and let £(¢) be such that |E f(X}) — J(f)| < e ask > k(e).
It is easy to see that

1 & L .
LY Ef = I 225 e P
iy m m

The first term in the right side of the preceding equation goes to 0 as m — oo, the
second is less than . Thus we get (11) since ¢ is arbitrary. It suffices now to prove
that

1 m

— Y (f(X) — Ef (X)) — 0,

M=
in probability as m — oo. By Chebyshev inequality we have that for any ¢ > 0
P {
Ifk # j, then by part 1) of Lemma 1.3 Cov(f(Xy), f(X;)) — 0as max(k, j) —

0, therefore the right hand side of the preceding display vanishes as m — oo.
Theorem 1.1 is proved. O

DS (X —Ef(Xe) o 2
k=1 k,j=1

> em} < ! Z Cov(f(Xk), f(X))).

Proof of Theorem 1.2. Letx € D and r > 0 be fixed. Denote for short S,, =
Sy (x, 7). We prove that for any € R

lim Ee'"S" = exp{(e’’ — D)B(x)rby/a}. (12)

m—00
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By definition

m
Sm = Z%—m,l«n
k=1
where &, x = 1{x,eB(x,rm-1/4)). For any k > 1 we can write

E (" | Fyo) = L+ (€ = Dpw + (" — 1) (Pmk — Pm)s (13)

where p,, » = P{X; € B(x,rm~"¥)| F;_1} and p,, is the probability that a ran-
dom variable with density B(y)/a, y € D, falls in the ball B(x, rm~'/?). Repeat-
edly using the Eq. (13) we obtain that

Ee"S = (14 (" = Dpn)"

+E =)D (1 + (" = Dpn)" ™ Epms — pm).
k=1

It is easy to see that mp,, — B(x)r?b;/a as m — oo. Therefore the first term in
the left hand side of the preceding display tends to the characteristic function of
the Poisson distribution with parameter 8(x)r?by/a. Let us show that the second
term in the left hand side of the preceding display vanishes as m — oo. Noting that

Pm = J(fm) and py, i = Ji(fin) with function f,,(y) = 1{,ep(x rm-1/4)y and using
Remark 1 after the proof of Lemma 1.2 (the bound (29)) we can write

C
Elpmi — pml < —Esup | B xe—1)(») — BO)|. (14)
m  yeD
Fix an arbitrary & > 0. An argument leading to the bounds (26) and (27) in the
proof of Lemma 1.2 gives us here that there exists such k(¢) that for any k > k(¢)

we can replace the bound (14) by the following one

C
Elpmi — pml < ;l(s + e, (15)

where constant A is the same as in Lemma 1.1. Hence we can bound

(e +3)
<|(Cre+—).
m

Therefore we finished the proof since ¢ was taken arbitrary. O

(@ =Y (1 + (" = Dpn)" Epms = pm)
k=1

Remark 2. Using Theorem 1 in Ref. 7 (a general result on Poisson approximation
for sums of possibly dependent nonnegative integer-valued random variables) one
can also bound

sup P8, < 4) —PlY, € 4)] < > pa+ Y Elpwi—pul.  (16)
AcLi, k=1 k=1
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where Y, is a Poisson random variable with parameter mp,,. Combining the bound
(15) with the fact that mp,, has a finite limit as m — oo one can show that the
right hand side of the Eq. (16) vanishes as m — oo.

Proof of Theorem 1.3. It suffices to prove that for any function f € B(D) the
sequence of random variables

1 m
Sul) = == > (X)) — Ef (X)) (17)
k=1

converges weakly as m — oo to a Gaussian random variable with mean zero and
the variance G(f, f) = J(f?) — J*(f). Note that

1 m
Su(f) = Zu(f) + NG ;(Jk(f) —Ef(Xp)., m=>1, (18)

where

1

m

Zn(f) =

3

D (X = E(f(X)| Fir))
k=1

1
=7 ;cf(xk) —J(f), m=>1

By Lemma 1.4 the second term in the right hand side of the Eq. (18) converges to 0
as m — o0. Therefore to prove the theorem we need to prove that the sequence of
random variables Z,,( /), m > 1, converges weakly to a Gaussian random variable
with mean zero and the variance G(f, ) as m — oo. Note that {Z,,(f), Fp, m >
1} is a zero-mean, square-integrable martingale array with differences ¢, =
(f(X) — J(f)//m, k=1,...,m.Itis easy to see that

k T Jm
and
4 2
E(max ¢,,,) < s g (20)
m

By Corollary 1.1 and Lemma 1.2 E(f(X;) — Ji(f))*> converges to G(f, f)
as k — oo. Consequently Y ;" E¢2, converges to G(f, f) as m — oo.
Combining the results of Lemmas 1.2 and 1.3 it is easy to obtain that
Cov((f(Xr) — Ju(f))?, (f(X;)— Jj(f))2 tends to 0 for k # j as max(k, j) —
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oo. It yields that Var (3", ¢2,) vanishes as m — oo. Therefore

> ok = G ) 21)

k=1

in probability as m — oo.

The Egs. (19), (20) and (21) mean that the conditions of Theorem 3.2 in Ref. 3
hold for the martingale array {Z,,(f), F,, m > 1}. Therefore Z,,( /) converges in
distribution to a Gaussian random variable with zero mean and covariance G( f, f)
as m — oo and Theorem 1.3 is proved.

Proof of Lemma 1.1. Without loss of generality we assume that the set D is a
d—dimensional unit cube. If / € Z, is the minimal integer such that

'min 1 .
p() = -d Pmin_ 1, and 1/1 < — inf R(x),
‘max 4 xeD

then we put 8o = p(). Let {Q;,i =1, ..., 1} be a set of non-overlapping cubes
of size 1/1 such that D = | J; O;. Denote by &,,; a number of points X7, ..., X,
falling in the cube Q;. Take a point x € D and let x € Q; for some i. It is easy to
see that

n(x, X(m)) Z Emi 2 min Emjv (22)
J
since Q; C B(x, R(x)). The Eq. (22) implies that

{n(x, X(m)) = Z} C Am = {m_iHSmi =< Z} = U{sz < 2}1

for any z > 0. It is obvious that

P{4,} < !“maxP{&,; <z}.

The formula (2) yields that

fQ‘. B, xk—1y(w)du
S Bau xte—1yu)du

This conditional probability can be bounded below by p(/) uniformly in sequences
X(k — 1). Therefore the unconditional probability P{X} € Q;} is also bounded
below by the same constant for any £ > 1. Using the well-known coupling con-
struction we can construct on the same probability space the random variable &,,;
and the binomial random variable ,,; with m trials and with p(/) the probability
of success such that £,,; stochastically dominates §m,-. So, we have that

P{Xi € Qi | X(k— 1)} =

P{smi = m5} =< P{§WH = m8}
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forany § > 0. If we take § such that 0 < 6 < §o = p(!), then the well known large
deviations bounds for the sums of i.i.d. random variables give us that

Pléni < mb} < Ce™™",
with some positive constants C and . Therefore

P{ing n(x, X(m)) < ms} < 1¢max P{g,; <ms} < Cle™*"
xXe 1

and the proof of the bound (6) is over. The bounds (7) and (8) are immediate
implication of the bound (6) and the convergence of the 8’s. Indeed, for any ¢ > 0
we have that sup,.p | Bugx, xmy)(x) — B(x)| < & as soon as infyep n(x, X(m)) >
n(e), for some n(e). Lemma 1.1 is proved. O

Proof of Corollary 1.1. By the Eq. (2) the unconditional density of the random
variable X at point x is

Prix xep(*)

a(X(k))
The integrand in this mean is bounded and converges in probability to B(x)/«
as k — oo by Lemma 1.2. Therefore, Evyr(x| X (k)) — B(x)/a for any x € D as
k — oo. It is well known that the point-wise convergence of densities implies the
convergence in total variation. Corollary 1.1 is proved. O

Ev(x | X(k) = E

Proof of Lemma 1.2. To simplify the notation we assume that the Lebesgue
measure of the set D is 1. We start with part 1). Let §y be a constant defined in
Lemma 1.1. Note that

1

Ji(f) = 2 (Xh—1) / SO)Bue xth—1y(X)dx, k=1
D

Fix an arbitrary ¢ > 0 and define
Bie = {jlelg 1B(xX) = Bugr.xte-1yX) = €}, k> 1. (23)
One can write
EIJ(S) = JIP = B = SN L +E D) = T Iz,
=85+ %,
where by /{5y we denoted an indicator of an event B. It is easy to see that

Ip FO)Buix, xte—19(x) — B(x))dx
a(X(k — 1))

Jp(B(x) = B, xth—1)(x))dx
Xk — 1))

() = J(f) =

+J(f) , (24)
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hence

2[1f Nloo

min

k() = J(NI = sup |B() = Bue, x—1)(¥)]- (25)

Let k(e) be such that || 8y — Bl < € for any k > k(e). Then for any k > k(g) we
can bound

S < Ce?. (26)
Using Lemma 1.1 we have that for sufficiently large &
S < <4||f||00,3max

min

p [—
) P{B.} < Ce ™. (27)
Combining bounds (26) and (27) we get that for all sufficiently large &

IJe(f) — J(ONF, < C(e? + 7).

Therefore L?-convergence of Ji(f) to J(f) is proved for any p > 1, since & was
taken arbitrary. Part 1) of the lemma is proved.

Let now the condition (5) holds. Fix an arbitrary § € (0, 6y) and define

Bys = | inf n(x, X(k — 1)) = k8}, k > 1. (28)
xeD

One can repeat the reasonings above using this sequence of events instead of the
events (23) and get the bound S| < C¢?(kd), therefore part 2) of Lemma 1.2 is
also proved. O

Remark 3. Note that in the Eq. (25) it is also possible to bound

2
) = I = 2P s0p |80 = By

min  x€

: (29)

where || £l = [, |/(x)ldx.

Proof of Corollary 1.2. By the binomial formula we have that
G Fer) —th(H)] <3 (l) U E LY = I T
i=0
Noting that
[J(SIWE LX) = IS < C([h(fH = I
+ B/ (X)) — J(N)D
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and applying part 1) of Lemma 1.2 we prove part 1) of the corollary. If the condition
(4) holds, then by part 2) of Lemma 1.2 we can bound for any 6 € (0, &y)

El(/)) = T + [ES(Xp) = J(N)] < Clp(kd) + e7) (30)
and part 2) of the corollary is also proved. O

Proof of Lemma 1.3. 'We can write

k k—1
E (77 Hé,-’}’(&)) = U, (2)E (n [ Sfj(gv))
v=1

v=1

+E <n]_[$ (20) (E (&7 (20| Fi1) — Urk(gk))> :

The functions g’s are bounded, so

Enné (20) (E (&7 (g0 | Fi1) — Urk(gk))‘

< CY™E|E (&/“(g0) | Fim1) — U (g0)] .

and the right hand side above goes to 0 as iy — oo by part 1) of Corollary 1.2. If
the condition (5) holds, then by part 2) of Corollary 1.2 we can bound

EIE (£7(g0) | Fii—1) — Un (g0 < Cal@(ixd) + %)

for any 6 € (0, 80) with some A = A(8). Repeating the same arguments for the
indices ix_q, ..., in E(n ]_[U L& (gv)) we finish the proof. O

Proof of Lemma 1.4. Let us prove that
l m
— J —-J 0, 31
ﬁ,;( KN = I~ (31
in probability as m — co. Using the bound (25) we get that

IBn(x,X(k—l))(x) - :B(x)

= Ini=ci | dxlig,)+ Calig,,
D
where By s is the event defined by the Eq. (28). Therefore

—J()

<— Z/ | Buie k-1 (x) — B(x)|dx I3, ,)

le

f

Z Bial (32)
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By Lemma 1.1
oo
Y P{Bis} < o0,
k=1

hence by Borel-Cantelli lemma only a finite number of events By s occurs with
probability 1, so

C m
=
22NV 0
{Br.s}
m k=1

almost surely as m — oo. The first sum in the right hand side of the Eq. (32) is
bounded by

m

C] C3 “
NG ;jgg (B =y () = B gy = g v (kD).

and it goes to 0 as m — oo because of the Eq. (5). Repeating the same arguments
we can also prove that

1 m
NG ; (Ef(Xx) — J(f) = 0,

as m — 00, therefore Lemma 1.4 is proved. O

3.. EXPONENTIAL RATE OF CONVERGENCE

If the rate of convergence in (4) is exponential, namely if p(k) = exp(—yk)
for some y > 0, then stronger statement of asymptotic independence of random
variables X}, k > 1, can be made. Fix some 0 < ¢ < 1/2 and denote

1 m
N D (X)) — ES(X).
k=m¢

Let Y;,i > 1, be a collection of independent random variables with the common
probability density 8(x)/a. Denote

Su(f) =

mg

(f(Y) = Ef (X)),
m kXZI: k k

where we denoted m, = m — m®. We are going to show that for a fixed set of
positive indexes 71, ..., ry, such that 7| + - - - + r; = n the following expansion

SO,m (f) =
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holds

k
[TES () = EST () + &nCri, e 1), (33)
j=1 j=1

where

En(F1s s i ] < Cmym2e=

For the simplicity of notation we prove the expansion (33) for the particular case
k =1,r; = n. Itis easy to see that

p
ESn(N) =m"2 Y > E[[ED.
t,enlp me<iy<..<iy<m v=I1

where the first sum is over all sets of positive integers #;,7 = 1, ..., p, such that
| + - +1, = n. We get the expansion (33) if we put

p P
tn(n, f)=m"? > > (E]‘[s;;(f)—]"[ufv(f)).
v=1

Hyens Iy me<ij<..<ip,<m v=1

Applying the bound (10) with ¢(k) = exp(—y k) yields that

)4
<C E e,
v=1

p p
EJ]&" ) -E] e ()
v=1 v=1

where p = min(y, 1). Therefore we get that

p
Zn(n, Ol <m0 YooY e (34)

tyeens tp me<i)<..<ip<m v=1
It is easy to see that for any fixed set of positive integers f1, . .., f, in the first sum

we can bound
p .
ms—n/Z Z CI: Z e P < sz(s—l/2)n(m _ ma)p—le—pm
me<i|<..<ip,<m v=1
< Cym*H"2e=rm" .
The first sum in (34) contains the number of terms depending only on n, therefore
[En(n, )] < Cam®™*"2ePm".

Using the representation (33) we can prove that C,,,(f) the nth cumulant of
S, (f) converges as m — oo to the cumulant of a Gaussian random variable
with zero mean and the variance G(f, f). Using Lemma 1.3 it is easy to prove
that IC,2(f) — G(f, f) as m — oo. Let us prove that K,,,(f) — 0 as m — oo
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for n > 3. Recall that the cumulants /C,,,(f), n > 1, are defined as the Taylor
coefficients of the logarithm of the characteristic function

log Eensm(f) - Z’Cm"(f)g’ t e R. (35)
n.:

n=1

Each cumulant can be presented as a finite linear combination of the products of
moments (see, for instance, Ref. 4)

k
ES) (/). (36)

Kon(f) =Y (=D =1)! Y
k=1 1 j

..... Fi J

where the second sum is over all sets of positive integers {ri, ..., r;} such that
r1 + - - -+ rr = n. The Eq. (33) yields that

Kn(f) =KD+ Y (D k=D Y tuCrrs s /) (37

k=1 Ty Tk

where ICE,?),( f) is nth cumulant of the random variable Sy ,,(f). Because of in-
dependence we have that ICf,?,),(f) ~ m;"/zﬂ — 0 forany n > 2 asm — oo. It
remains to note that

n

D =Dk = 1! Cu(rts o7k, )| < Csnlm® e — 0,

k=1 Tl Tk

as m — oo. Thus the convergence of cumulants is proved. It is well known that
this implies the weak convergence.
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